Differential Geometry

Exercise Sheet 3

Exercise 1 Prove the following;:

1. if F: G; = Gy is a homomorphism of Lie groups, then the rank of F is constant.

2. the kernel of F is a closed smooth submanifold and a Lie group with

dim(ker F) = dim G; —rank F .

Exercise 2 Denote by R the additive Lie group of real numbers R. Let M = GI(2,1R?) and define an

0(t, A) = <(1) i) A

with A € M. Find the infinitesimal generator X and determine the orbits.

action of R on M by the formula

Exercise 3 LetS® = {(x!,x% 2% x*) | ©f,(x)? = 1}. Let the vector fields be given by:

2.0 10 40 _ ,30
X=X X g T X X
m Y =30 x4yl g2

ox1 ox2 Bx3 ax4
"7 =— a3 —x2 9 4 x19
axl ox2 8x3 oxt:

at the point (x!,x2,x%,x*) € S. Prove the following:

1. the vector fields are independent;
2. the vector fields are tangent to 83,

3. they are C®-vector fields.



Exercise 4 For each of the following pairs of vector fields V, W defined on R3, compute the Lie
bracket [V, W]:

_ 0 J . _ 0 9J .
1. V—xa—y—ya,w—yg—z@,

_ 0 J . _ 0 )
2. V—Xafy—yﬁ,W—XE"‘ya

Exercise 5 Let Mj, ..., My be smooth manifolds and let 7t; : M; x ... x My — M; be the projection
on the i-th factor. Show that for any choices of p; € M; withi =1...k the map

o T(plr'"/pk)(Ml X ... X Mk) — Tlel b...8 TpkMk

defined by
a(X) = (m X, ..., T X) .

is an isomorphism.



